We disclose remarkable features of the scalar-tensor theory with the derivative coupling of the scalar field to the curvature in the Palatini formalism. Using disformal transformations, we show that this theory is free from Otrogradski ghosts. For a special relation between two coupling constants, it is disformally dual to the Einstein gravity minimally coupled to the scalar, which opens the way to constructing several exact solutions. The disformal transformation degenerates at the boundary of the physical region, near which the desingularization properties are revealed, illustrated by exact solutions: non-singular accelerating cosmology and a static spherically symmetric geon. We also construct the exact pp-waves of this theory propagating at the speed of light.
Introduction. Multimessenger gravitational wave astronomy, which commenced with the detection of the binary neutron star merger GW170817 by LIGO-VIRGO collaboration [1] and subsequent observation of its electromagnetic counterparts [2] , showed that the velocity of gravitational waves is equal to the speed of light to within 10 −15 . This discovery, anticipated in [3] , has already had a major impact [4] [5] [6] [7] [8] [9] on modified theories of gravity [10] [11] [12] [13] [14] partially refuting the most popular Horndeski (covariant Galileon) [15] [16] [17] and beyond Horndeski models [18] [19] [20] .
At present, the restrictions imposed by the speed of gravitational waves are more stringent than traditional cosmological bounds. Therefore, one is urged to revise the list of existing models and look for new ones that could pass this test.
The extended theories of gravity studied over the last decade [13, 14] included the conventional second-order theories with the metric connection, the first order theories (Palatini) with an independent connection [21] [22] [23] [24] [25] , and the hybrid models [26, 27] . If in Einstein's and some modified theories both formalisms are equivalent, this is not so in the derivatively coupled scalar-tensor theories [27, 28] . One of the major problems is to avoid the Ostrogradski ghosts. While the Horndeski models are free from ghosts in the metric approach, they can have ghosts in the Palatini formalism. Recently this problem was investigated using Bekenstein's disformal transformations [29] , which turned out to be extremely useful both in the context of the metric [28, [30] [31] [32] and Palatini [24, 27] theories. These transformations, which depend on the derivatives of the scalar field, are not point-like. Nevertheless, if they are invertible, two disformally dual theories are classically equivalent [33] [34] [35] [36] [37] [38] [39] .
Here we revisit the two-parameter scalar-tensor theory with derivative couplings to the Ricci tensor and scalar [40, 41] , which in the metric version is able to provide an inflationary mechanism without the potential [42, 43] , in the case when the scalar couples to the Einstein tensor.
Unfortunately, this model is now in question. We study here the derivatively coupled theory in the first order formalism, essentially using the disformal transformation tools (this theory was also discussed recently for a special choice of constants [44] ). We show that Palatini version can be converted into a theory without higher derivatives, proving that it is ghost-free. For some combination of coupling constants (other than those mentioned above) it is dual to the Einstein theory minimally coupled to the scalar.
As a rule, the disformal transformation degenerates on a certain hypersurface in spacetime, which we interpret as the boundary of the physical region. We will show that, near this boundary, the disformal map desingularizes the metrics of the Einstein-scalar singular solutions, such as Zel'dovich stiff matter cosmology and the Fisher-Janis-Newman-Winicour (FJNW) black hole, leading to a non-singular accelerating Universe and a static spherically symmetric geon, respec-tively. Using the inverse disformal transformation, we also construct a pp-wave exact solution passing the speed test.
Metric theory. We consider the action with two independent couplings of the derivatives of the scalar field φ µ ≡ φ ,µ to the Ricci tensor and scalar [40] [41] [42] [43] :
where φ µ = φ ν g µν . In the metric formalism, variation of (1) over the metric gives the equation
where G µν is the Einstein tensor and the right hand side contains, among others, the third derivative terms:
where ∇ λ is covariant derivative with respect to the Levi-Civita connection of
Similarly, the scalar equation
in the general case contains the third derivatives of the metric. But, for −2κ 1 = κ 2 , the Ricciterms are combined into the Einstein tensor satisfying ∇ µ G µν = 0. Then the scalar equations becomes the second order (g µν + κG µν ) φ µν = 0, while (2) disappears. In this case, the theory belongs to ghost-free Horndeski class.
Palatini theory. The same derivative scalar-tensor theory in the Palatini version (hereinafter abbreviated DSTP) has the action
where the Ricci tensorR µν is a function of the independent connectionΓ λ µν , and the Ricci scalar R = R µν g µν depends on the metric and on the connection. In absence of fermions, when the Ricci tensor contracts with symmetric tensors, torsion can be consistently set equal to zero [45] , so the variation ofR µν equals δR µν =∇ λ δΓ λ µν −∇ ν δΓ λ µλ , where∇ λ ≡∇ λ (Γ) denotes the covariant derivative with respect to the Palatini connection. Applying this to (4), we arrive at:
Variation of the action (4) with respect to the metric leads to the Einstein-Palatini equation (note symmetrization in the κ 2 -term, missed in [44] )
Finally, a variation over φ gives rise to a scalar equation
which, in principle, can contain higher-derivative terms. But first we have to build a Palatini connection.
The standard way to find the connectionΓ from the Eq. (5), is to convert it to the equation
for some second metricĝ µν , and in this caseΓ can be identified with the Levi-Civita connection of the latter. For this it is sufficient to ensure the following relation between the matrix W µν and the inverse metricĝ µν :
Then we get the equation in terms of the inverse new metric, equivalent to what we are looking for.
The matrix W µν , an inverse of (5), reads:
The determimants of the left and right sides of (10) arê
Using this, the second metric can be represented aŝ
and the Palatini connection, satisfying (9) by virtue of the Eqs. (5, 10), will read:
Disformal duality and absence of ghosts. The Eq. (14) is the disformal transformation expressing the second metricĝ µν through the physical metric g µν , to which couples the matter. investigations [30, [33] [34] [35] [36] [37] [38] [39] suggest that it is indeed the case, provided the disformal transformation is invertible.
Expressing the Lagrangian (4) in terms of the new metric for generic κ 1 , κ 2 , we find the Einstein-Hilbert term kinetically coupled to φ:
where we denoted byΛ the scale factor Λ with ψ = φ µ φ ν g µν expressed throughψ = φ µ φ νĝ µν .
These two quanitities are related by an equation
which is obtained combining the Eqs. (5), (10) and (13) . Note that we are working in the Palatini formalism, so the Ricci tensor in (16) should be considered as a functional of the connection. But for such an action both the metric and the Palatini approach give the same equations, so, with some abuse in the notation, we have denoted the Ricci tensor is as metric. Therefore, we reduced the dynamics of the scalar field to the problem of Einstein's theory. After solving it, we can restore the DSTP metric using an algebraic procedure.
The relation (17) becomes singular if one of the scale factors (6), (12) reaches zero, when the determinant ratio (13) degenerates. We thus demand positivity of λ, Λ in the physical region of spacetime. Also, the transformation must preserve the metric signature. The necessary condition for this is the common sign of the normsψ and ψ. This is guaranteed by the Eq. (17) if λ > 0, Λ > 0.
A more subtle question is whether the mapping is one-to-one. Generically, it is not. The derivative dψ/dψ = 0 for ψ = ψ cr = 2/(2κ 1 + 3κ 2 ). The corresponding dual norm isψ(ψ cr ) = 2/(3 √ 3κ 2 ). To the right and to the left of this point, the functionψ(ψ) is monotonous (the left panel in Fig. 1 ), so the map is one-to-one. But the inverse derivative dψ/dψ diverges at the critical point. As a consequence, the Einstein-frame equations become singular there. But, it is expected that viable solutions of the Einstein-frame equations will be determined in a physical region where the critical point is not met. At least, this is true for a sub-family of the theories described below. With these precautions, we can assert that our disformal map is reversible, in contrast to what happens in mimetic gravity [46] [47] [48] . Since the theory (16) does not contain higher derivatives, we conclude that the DSTP theory with two generic coupling constants does not have the Ostrogradski ghosts.
Exceptional theory. The case κ 2 = −κ 1 is exceptional. Then Λ ≡ 1, and the theory (16) reduces to Einstein theory, minimally coupled to a massless scalar:
In this dual theory the Einstein equation reads
and the scalar obeys the covariant d'Alembert equation
One can verify that Eqs. (7) and (8) we reduce the latter to (20) .
The DSTP metric g µν can be found from the Einstein metricĝ µν and the scalar φ via Eq. (14),
where A = 2z (22) is smooth at z = 1 (the right panel in Fig. 1 ). Here κ 1 , ψ andψ are chosen positive (spacelike φ µ ). The critical point of the map (17) in this case lies in the region of negative ψ,ψ, which is not shown. The cases of timelike and null φ µ are considered in the concrete examples below. In all cases the sign of the norm of φ µ is preserved within the physical region.
Non-singular cosmology. Assume that κ 2 = −κ 1 ≡ κ > 0. Using disformal duality, we can construct an exact cosmological solutions of our theory starting with the spatially flat FRW cosmology in the Einstein's frame theory (18)
The relevant Einstein and scalar field equations
give a solution corresponding to the "stiff-matter" cosmology proposed by Zel'dovich in 1972 [49, 50] :â
Obviously, this metric is singular at t = 0 and describes a decelerating expansion.
Now we derive the corresponding solution to DSTP theory. Since the metric is diagonal and the scalar field depends only on t, from (21), (23) and (25) we obtain a cubic algebraic equation for g tt :
Its real solution is smooth, although in terms of real functions it looks piecewise:
arccos(x) , x < 1,
where B = x + √ x 2 − 1 1/3 . For large x (small t) one has:
for small x (large t),
For g ij one obtains from (21):
Since |g tt | = 1 only at large t, we need to go to the synchronous time t → τ (t), so that g τ τ ≡ 1, solving the equation
For small t, keeping the leading term in (28), one finds:
For spatial components at small t, with account for (25) and (28), we obtain:
Rescaling spatial coordinates, we get the Minkowski metric as t → 0. Calculatingä, we see that the universe starts from Minkowski stage with an acceleration which, however, ends with a small gain of a (Fig. 2) . Then expansion decelerates and at large t the law a ∼ t 1/3 is restored, since λ → 1 and the comoving time coincides with the Einstein frame comoving time.
Although the DSTP metric is nonsingular as τ → −∞, the scalar field diverges. In Palatini theories it is assumed that matter couples to the metric g µν , so geodesics, defined as curves of minimal length, do not stop as τ → −∞ and the spacetime is geodesically complete. But, the auto-parallel curves, defined with the Levi-Civita connection of the singular metric (23), (25) , meet the singularity. Still, if matter couples only to the metric, the scalar field is not seen. It appears as Deus Ex Machina, realizing the cherished dream of the General Relativity -the removal of singularities from spacetime.
Geon. In the static case, interesting solutions arise for κ 1 = −κ 2 > 0, so here we denote κ = κ 1 .
Minimal scalar gravity has a well-known FJNW solution [51, 52] 
where q is the scalar charge and 0 < γ < 1, γ = (1 − 4q 2 /b 2 ) 1/2 . It is asymptotically flat and has a singular horizon at r = b. We want to find a DSTP counterpart of this solution. The disformal transformation (21) generates now the following cubic equation for g rr :
A smooth real solution of this equation is:
arccos(x/w)], x < w,
where B = x + √ x 2 − w 2 1/3 . The remaining metric components then are given by:
At infinity r → ∞, the variables x → 0, w → 1, while g rr ∼ 1 + x/ √ 3, so λ = 1 + O(r −4 ) and the solution remains asymptotically flat:
Near the singularity r → b, one has w ∼ ξ −γ , x ∼ ξ −2 , where ξ = r/b − 1 → 0 leading to:
For γ = 1/2, the interval in the vicinity of r = b reads:
Passing to the new radial coordinate ρ = b ln ξ extending the domain r ∈ (b, ∞) to a complete real line, one can find that the manifold is isomorphfic to the product M 1,1 × S 2 of the two-dimensional
Minkowski space and a sphere of radius b. This manifold is geodesically complete. Therefore, our solution has a metric of a regular geon. Its striking feature, however, that it is supported by a singular scalar.
PP-waves. Wave spacetimes (and more general classes of Kundt metrics) in Einstein theory
coupled to the minimal scalar were constructed recently [53] . Here we consider the simplest pp-wave
whose tensor Ricci is
Assuming that the scalar field depends only on u, it is easy to find that the d'Alembert equation of the dual theory is satisfied:ˆ φ(u) = 0, and the Einstein equation R µν = φ µ φ ν reduces to an equation for F :
Now construct the corresponding DSTP solution. In this case, the disformal transformation is light-like [54] . Assuming that the only nonzero ones are g uu , g uv , g ij , we find non-zero inverse metric components g vv , g uv , g ij , therefore ψ = φ µ φ ν g µν = 0, and the scale factor λ = 1. Then from the Eq. (21) we easily find the pp-wave solution of the DSTP theory:
It is clear that it propagates at the speed of light.
Conclusions. We have proved that the DSTP theory is related to Einstein's gravity, kinetically coupled to a scalar without higher derivatives by means of an invertible mapping, and hence it is free of Osrogradski ghosts. For opposite couplings κ 1 = −κ 2 , the dual theory is just Einstein's theory, minimally coupled to the scalar. The inverse duality transformation is resolvable analytically, opening the way for finding exact solutions to DCTP. We built cosmological, static spherically symmetric and pp-wave DSTP solutions with intriguing properties: the cosmological solution has a completely nonsingular metric, the static solution is geon-like, and the pp-wave propagates exactly at the speed of light. The scalar field diverges, taking responsibility for the singularities, but these are not visible if the matter couples only to the metric. This gives a new look at the problem of singularities in theories of gravitation.
